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Abstract This paper focuses on the decision-implementation complexity (DIC) of cooperative games. The
complexity of a control law is a fundamental issue in practice because it is closely related to control cost. First,
we formulate implementation measures of strategies as system control protocols. Then, for a class of cooperative
games, a decision-implementation system model is established, and an energy-based DIC index is given as the
energy expectation under Nash equilibrium strategies. A definition of DIC is presented to describe the optimal
values of the DIC index. DIC is calculated by the exhaust algorithm in some specific cases, whereas the one for
general cases is too complex to be calculated. In order to obtain a general calculation method, the problem is
described in the form of matrices; an analytical expression describing DIC is obtained by using the properties of
matrix singular values. Furthermore, when only partial information of actions is shared among players, DIC can
be reduced and an improved protocol can be designed as a two-phase protocol. A numerical example is given to
show that the DIC obtained in this study is the same as the one obtained by the exhaust algorithm, and that
the calculation complexity of the proposed algorithm is much lower.
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1 Introduction

In practice, the complexity of a control law is a fundamental issue, which is closely related to control
cost. This study concerns decision-implementation complexity (DIC) problems for cooperative games,
which fall within the field of game theory. Game theory mainly focuses on the interaction between
formulated incentive structures, and uses mathematical methods to study phenomena regarding struggle
or competitive characters. At present, game theory has wide applications in cell biology [1], the Hercynian
economic development [2], international business research [3], computer mediated communication [4],
political competition with restrictions [5], auction mechanism in military logistics [6] and many other
disciplines [7-10].
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In game problems, decision plays an important role [11,12] and consists of two parts: decision-making
and decision-implementation. Decision-making requires finding optimal or suboptimal strategies from
admissible strategies under given game objectives. Decision-implementation aims to design measures to
implement these strategies. In order to achieve game objectives, decision-implementation must be con-
sidered, since for optimal/suboptimal strategies found in decision-making, their optimal implementation
measures might have different costs. Hence, decision-making must take decision-implementation into
account, and decision-implementation depends on decision-making. They are mutually coupled.

With respect to decision-making, there are some nice results, including researches on Nash equilibrium
such as [13-15]. Decision-making complexity (DMC) has an important effect on game systems, which is
determined by the time and space complexity of decision-making algorithms, among other factors [16].
Correspondingly, with respect to decision-implementation, DIC can be described by the minimum cost
of all the possible implementation measures, which might be the amount of data, energy, and capital.

In practice, decision complexity (DC) determines the selection of strategies. In many cases, game
players look for an optimal strategy which, however, may not be unique nor easy to get; therefore,
choosing the most appropriate strategy from a variety of optimal or suboptimal strategies becomes the
key to decision, in which the selection criteria depends on DC. Since decision includes two parts: decision-
making and decision-implementation, DC should also be determined by two parts: DMC and DIC. To
this end, we introduce a definition of DC as follows.

Definition 1. In game problems, DC (denoted by C) is defined as the product of DMC and DIC:
C= CM . CI; (1)

where Cy; and Ct denote DMC and DIC, respectively.

Remark 1. Cy; and Cf are both determined by a variety of factors. As already mentioned, factors
determining Cy can be time complexity and space complexity of decision-making algorithms; factors that
determine C7 can be costs of data acquisition and information processing, energy and capital consumed
during the implementation.

Remark 2. In (1), a form of product of Cy; and Cf is obtained mainly because decision-making and
decision-implementation are mutually coupled in the whole decision activity, decision-implementation de-
pends on decision-making, and decision-making must, in turn, take decision-implementation into account.

Even DIC is as important as DMC in calculating DC. Research in this area is relatively deficient,
mainly due to the lack of a quantitative mathematical description and a proper research framework.

This paper aims to study the DIC of games from the perspective of energy, i.e., to measure the
DIC of games by energy cost. To this end, we focus on cooperative games since they are a class of
problems with very wide practical applications [17-19] among game problems, and more importantly,
the theoretical results on cooperative games are richer than non-cooperative games [20]. Cooperative
games are also known as positive-sum games, referring to a kind of game which makes the interests of
all players increase, or at least one player’s interests increase while the interests of the others are not
harmed; therefore, the whole system’s interests increase.

Subsequently, the energy-based DIC index is related to the energy of control measures and the probabil-
ity distribution of strategies at Nash equilibrium points. There are many studies on control energy issues
in the field of communication. Communication complexity plays a vital role in distributed computing.
This concept was first proposed in [21], and then, attracted wide attentions [22-25]. Wong and Baillieul
introduced the concept of communication complexity to control systems for the first time, and presented
a strict definition of communication complexity in control systems as control communication complexity
in [26,27]. Subsequently, they extended the concept of control communication complexity to nonlinear
systems in [28], and proposed the concept of control energy complexity, and control time complexity.
Control energy complexity is similar to control communication complexity, and they are both indexes
by which the costs of control protocols are measured. These theoretical results have wide application
prospects (e.g., [29]). However, energy in the field of communication does not contain strategies and
implementation measures in cooperative games.
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In this study, the main issue was that general systems theory could not be used. The competitive
character of games determines the no-sharing (privacy) character of strategies, which induces that com-
munication control models and methods of general distributed multi-agent systems cannot be applied to
this problem directly. It is also difficult to present the problem in an appropriate form for optimizing the
energy-based index.

The main method in this paper consists of formulating strategy implementation measures as system
control protocols, via establishing a decision-implementation system model of cooperative games and
using system control theory to optimize the energy-based index with the help of the properties of matrix
singular values, in order to get the optimal index value, namely DIC.

The main contributions of this paper can be summarized as (1) formulate the implementation measures
of strategies as system control protocols, establish a decision-implementation system model of cooper-
ative games, present an energy-based index as the expectation of the energy under Nash equilibrium
strategies, and present a definition of DIC as the optimal values of the energy-based index, so that a
quantitative mathematical description and a research framework for DIC is constructed; (2) get an ana-
lytical expression (a general calculation method) of DIC under the decision-implementation system model
of cooperative games; (3) design an improved two-phase protocol to reduce DIC with partial information
of actions shared between the players.

The rest of this paper is organized as follows. In Section 2, the model of decision-implementation
systems is formulated, and a calculation example of DIC is given. In Section 3, an analytical expression
of DIC is given in terms of matrix singular values. In Section 4, a quantitative result of DIC is presented
and proved. In Section 5, a kind of improved control protocol — the two-phase protocol is designed to
reduce DIC. In Section 6, the example in Section 2 is used to show the efficiency of the main result of
this paper. In Section 7, we conclude this paper and describe future work.

2 Problem formulation

In this section, we provide a mathematical formulation for a decision-implementation system of cooper-
ative games, an energy-based index and a definition of DIC. We illustrate the actual background of DIC
and provide the method to calculate it under a specific circumstance. An example is given to show the
calculation of DIC.

2.1 System model

Consider the decision-implementation system of a cooperative game with two players A and B,

Ti1 = F(@k, Uk, Vi),
i = hil (z1),

yi = hi (z),

ur = P Q7 (yi!

vk = PP(QF (yi

zr = c(xy),

Q1 (Y. a)

) i), a).
QYD) B),

Y )

5.
5.

where x, is an N-dimensional state vector, f is a function of the cooperative game, y,‘f, ka is information
obtained by Player A and Player B, respectively, and Q,‘?, QkB are quantization/coding functions. o € A
is a finite action set of Player A, denoted by A = {1,...,m}; similarly, 5 € B = {1,...,n} is a finite
action set of Player B. « takes i in A with probability distribution p;, satisfying ZZ’;I pi = 1; B takes j in
B with probability distribution ¢;, satisfying 23;1 gj = 1. Denote 0% = {p1,...,pm}, 05 ={aq1,..., ¢},
and (o%,0%) is a mixed strategy Nash equilibrium point of the game. Once selected, Strategy (a, 5)
remains unchanged. Accordingly, ug, vy are scalar control measures, which A and B take for Strategy
(o, B), respectively. zj is the output of the system, and c¢ is a scalar output function.
Model (2) formulates the main object of this paper.
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Let H = [H,;] be the game target matrix of order m x n. H is called realizable if, at the terminal
time T, for any a = i, § = j, there exists (ux(2),vk(j)) such that

c(xr) = Hij. (3)

From a game perspective, we need to assume that there are no direct communication channels between
Players A and B; that is, they cannot communicate with each other directly. Hence, the game players
keep their respective actions secret from each other; thereby, they both draw measures up to implement
independently. According to this, we introduce a definition of DIC as follows.

For U = {u(1),...,u(m)}, V ={v(l),...,v(n)}, u(i) is the control strategy corresponding to Action
a =14 and v(j) is the control strategy corresponding to Action 8 = j, and the control energy cost that
the control consumes is

I(L{,V):ZZpiqj </0 u2(i)dt+/0 U2(j)dt> :Zpi/o u2(i)dt+qu/0 v (j)dt.  (4)

i=1 j=1

Definition 2. Decision-implementation complexity (DIC) is defined as the optimal value of (4); namely
the lowest energy cost.

Remark 3. Control protocols satisfying the constraint (3) exist in most cases; that is, the feasible
region is non-empty (see Lemma 1).

The objective is to find the protocols, which consume the lowest energy cost in the feasible region, and
the lowest energy cost is DIC. Actually, this is an optimization problem taking (4) as the index and (3)
as the constraint.

Remark 4. If the dimension of the target matrix is infinite, that is, if m,n, the numbers of the two
players’ actions, are infinite, formula (4) becomes

co o0 T T 00 T 0 T
IUYV) =" pigj <A u2(i)dt+/0 v2(j)dt> :Zp% u2(i)dt+qu/O v2(5)dt.  (5)

i=1 j=1

Clearly, the optimization of (5) is much more difficult than (4); therefore, for simplicity, we mainly deal
with (4) in this paper.

Remark 5. The controls ug, v in the issue discussed in this paper are assumed to be scalars, in order
to facilitate the discussion. They can be generalized to vector functions and the analysis methods and
results are similar.

In the next subsection, we will illustrate the DIC of a cooperative game problem.
2.2 DIC of a data acquisition cooperative game system

Suppose that there are two densely populated regions, A and B, in a hot-weather country that is short
of power. In order to help the residents in these two regions relieve summer-heat, the electricity sector
requires an efficient electricity supply scheme. It has been decided that the supply scheme is drawn up
based on the sample data of the land surface temperatures of the two regions.

Assume that the sensor networks [30] in the two regions both hope to store the sample data of their
respective regions in the central database as much as possible, so that the supply scheme drawn up by
the electricity sector is beneficial to their respective regions. The memory size of the central database is
fixed and the amount of data of only one region cannot meet the data input requirement. One can view
this as the formation of a cooperative game.

The main way for sensor nodes to save energy is the sleeping mechanism; that is, they close their
wireless communication modules, data acquisition modules and even the calculation module in order
to save energy when they are not occupied in sensing tasks or forwarding sensing data to other nodes.
Accordingly, there are two main kinds of work actions for the nodes in the sensor networks, in these two
regions, as follows.
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Figure 1 (Color online) Movement of active sensing region in a sensor network.

@D When a sensing task occurs, only the sensor nodes in the adjacent region are in working states,
which forms an active sensing region. The active sensing region moves with data transmission to the
gateway node, so that, in order to save energy, the original working nodes can turn to sleep after leaving
the active sensing region, as shown in Figure 1.

@) Power is supplied to the main routing nodes all the time. These nodes are responsible for trans-
mitting sensing data to other nodes. That is, the main routing nodes are always in working states. The
rest of the nodes’ sleeping mechanism remains unchanged, just like Action (). Thereby, data transfer
efficiency is improved with more energy consumption.

At time k, the work policy (whether to work in the next time slot) of the nodes in the sensor network
in Region A is denoted by wuy, and the work policy of the nodes in the sensor network in Region B is
denoted by vi. In Action (D), all the nodes can turn to work or sleep; for example, every element of wuy
can be 0 or 1. However, in Action 2), the main routing nodes can only be working and the corresponding
elements of uy can only be 1.

Sensor networks in these two regions select respective work actions based on the Nash equilibrium
points of the game. The work action of Region A is denoted by «, and the work action of Region B is
denoted by B. Once selected, the work action of the sensor network in each region remains unchanged
and is kept as private information, which is unknown to the sensor network in the other region during
the entire data acquisition.

The sensor network in Region A consists of n4 sensor nodes, and the sensor network in Region B
consists of np sensor nodes. The sensor nodes in each region form a multi-hop network autonomously,
and are responsible for acquiring and processing data. The nodes in the edge of the sensor networks
have to send data to the gateway nodes through other nodes (routing nodes). The gateway nodes are
responsible for collecting data transmitted by the sensor nodes. The gateway nodes are connected to
the upper transmission network, which provides the communication bandwidth and reliability between
the gateway nodes and the base station. The transmission network is connected to the Internet through
the base station, which is responsible for collecting and forwarding all the data sent by the transmission
network to the Internet. Finally, data acquired by the sensor nodes are sent, via the Internet, to the
central database for processing and storage. The amount of data stored at time k is zp. The central
database provides remote data services; the data analysis program can use them through clients connected
to the Internet. The whole process is shown in Figure 3.

The relationship between the current amount of data stored in the central database at the current
time, the continuous work time of the sensor nodes and the amount of stored data at the next time is
denoted by f; then, f is determined by the whole data acquisition system and we obtain the following
model:

Tir1 = fak, Uk, vi). (6)
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Figure 2 (Color online) The whole data transmission process.

If we use y;;‘ to represent the amount of data acquired from Region A from the total amount of data
at time k, y,’f to represent the amount of data acquired from Region B from the total amount of data at
time k, and denote their proportions of total amount of data by h,‘? and th , respectively, then we obtain
the following relationship:

{yz’? = h/?(ﬂﬁk), (7)

i = hi (x1).

Furthermore, if at time k, y;;‘ is quantified by the quantization/coding function Q? and sent to the
sensor network in Region A through the Internet, y,’f is quantified by the quantization/coding function
QE and sent to the sensor network in Region B, the sensor networks in these two regions use the historical
amount of data and programs P,f, PkB are set according to work strategy (o = @), 8 = ()) in order to
adjust the sensor nodes’ continuous work time, respectively. Then u; and vy can be written as follows:

Ay, .., Q). @), ®)
v = PE(QEWE).....QFwP).B).

Let ¢ represent an index function of whether the amount of sample data meets the research requirement,
that is

2z = c(x). (9)

Time T is the terminal time of data acquisition, if the function value zr takes 1 at time 7', which is

evident that the amount of land surface temperature data acquired by sensor networks in the two regions
meets the requirement; that is,

T = Hij = 1, (10)

where H = [H;;] is the data acquisition target matrix of order 2 x 2, and the data acquisition target

corresponding to strategy (o = @, 5 = Q) is Hyj.
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Figure 3 Payoff matrix.
Thus, the whole data acquisition can be described by the following model:

Try1 = f(ar, ur, vi),

yit = hit(zx),

yr = hi} (xx),

up = PRQR (), -, Q1 (y), @),
v = PP(QY(YP), -, QT (D), B),

zr = c(zk),

(11)

where a € A = {(D, @} is the work action set of the sensor network in Region A, and 8 € B ={D, @} is
the work action set of the sensor network in Region B. p; is the probability distribution when « takes (%)
in A, satisfying p1 +p2 = 1; g; is the probability distribution when 3 takes () in B, satisfying ¢1 +¢2 = 1.
Denote 0% = {p1,p2},05 = {q1,¢2}, and (0%,0}) is a mixed strategy Nash equilibrium point of the
game.

Actually, the system (11) can be regarded as a system (2) with conversions of scalar and vector
functions; therefore, the analysis methods are similar to each other.

The control strategy corresponding to the work action @ = (2) of the sensor network is denoted
by {ur(®)}.—s, the control strategy corresponding to the work action 3 = (J) of the sensor network
is denoted by {vi(@)}iZ0, U = {{ur(®)}iZg, {ur(@)}; 5}, and V = {{vn(@)}i 2o, {oe (@)} )

Then, the work time of the sensor nodes in the protocol is

2 2 T—1 T—1
IUYV)=3 pig (Z we (@) ur(@) + ) vk(@)'ﬂk(@))
k=0 k=0

2 T-1 2 T—-1
= iy w( @)@+ Y Y ve(@) or(D)- (12)
i=1 k=0 J=1 k=0

This is a working time cost index of the sensor network. Since the energy consumption of sensor
networks is closely related to time, this index also reflects the energy cost of the network.

The objective is to find the protocols with the lowest energy cost for the network, under the premise of
ensuring that the amount of sample data stored in the central database meets the research requirement.
Since the energy cost is essentially a quantitative index of controls, this lowest energy cost is the DIC of
the data acquisition game system’s Nash equilibrium point.

2.3 Calculation of DIC

We now calculate the DIC for the example in Subsection 2.2 in detail. We assume that the payoff matrix
of the game in the example is as Figure 3.

Remark 6. The payoff here can be characterized by the data transmission efficiency. The last pair of
efficiency (1,1) is due to the networks in the two regions both adopting strategy 2) such that the amount
of data acquired in each time slot is too large for the base station to store and forward all the data,
resulting in data loss and reduction of transmission efficiency.

After a simple calculation, we can show that this game has three Nash equilibrium points: ((D,®),
(@,d) and (0*,0*), where o* = {1/3,2/3}. The calculation of (¢*,c*) is given as follows.
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Letpr=p, p2o=1-p, 1 =¢q, 2=1—¢q,

W(p) = (p,1-p) (2 i) <1qq>3pq+p+5q+1, (13)

then
dW(p)

dp

1
= -3+1=0=g=1. (14)

The calculation of p is similar.

For simplicity, there are only two sensor nodes in the sensor network in each region, which are denoted
by a1, a2 and by, ba, respectively. The nodes working continuously in strategy @) are as, ba, respectively.
Each sensor node acquires 1 bit of data at each working time slot; all the data acquired are valid. The
energy consumption and working time are proportional and take the same value. Then, Model (6) can
be simplified as

(@, ug, vp) = of + wpuy + VU (15)

Programs Plf, Plf set according to the work strategy (a = @), 8 = (J)) are the same and time-invariant,
denoted by P,f = P,f = P, and similarly, f = QkB = (). Hence, the effect of P and @ is simplified to

{uk = PQy). Qi) ). 16)
Uk = P(Q(ka);Q(yl?—l);B)
In detail, when a = D,
(0,1), k is even,
ur (D) = P(Q(yi), Qyi1), D) = 17
(@)= PQUAQOL) D) = 1o (1)
When a = ),
(Oa 1)17 91}4 - y]?_l = 2)
ur(@) = P(Q(yi), Qyi—1): @) = (18)
(1,1, yd -y, <2
[ is similar to a.
Assume that the amount of sample data needed is 5 bits. Then
(k) = Iz, >5)- (19)
Thus, Eq. (11) can be simplified as
Tpi1 = T + U + VU,
y]? = h?(mk)a
B _ hB
yk‘ k (I'k), (20)

U = P(Q(y]?)aQ(yI?—l)’a)a
UV = P(Q(ka)aQ(kaflLB)v

2k = Iz, >5y.

Without loss of generality, let the initial measures in these two regions be ug = (0,1),v9 = (0, 1),
and the initial amount of data stored in the center database be xyg = 0. Then, for the case of strategy
(D,D), Eq. (17) shows that the terminal time is 7" = 3, the total amount of data is 3 = 6 > 5, and the

energy consumed is
T-1

T-1
u (@) ur(@) + Y v (D) v (D) = 6. (21)
k=0

k=0
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For the case of strategy (D,®), Eqgs. (17) and (18) show that the terminal time is T = 2, the total
amount of data is xo = 5 > 5, and the energy consumed is

!
—

T—-1
ur (@) ur(@) + Y vi(@) v (@) = 5. (22)
k=0

E
Il
o

For the case of strategy (@,D), Eqgs. (17) and (18) show that the terminal time is T = 2, the total
amount of data is zo = 5 > 5, and the energy consumed is

!

-1

T—-1
ur(@)ur(@) + Y v(D) v (D) = 5. (23)
k=0

E
Il
o

For the case of strategy (@),2), combing with the analysis in Remark 6, we can get the formula of the
consumed energy

=

—1

T—1
> ur(@)ur(@) + > k(@) k(@) = 4T — 2. (24)
k=0

0

B
Il

First, consider the Nash equilibrium point (0),2) and regard it as a mixed strategy Nash equilibrium
point (¢%,0%), where 0% = {1,0}, 05 = {0, 1}. Using (22), the index (12) becomes

1Y) = 3w @) (@) + 3 0u(@)0r(@) =5. (25)
k=0 k=0

Then, consider the Nash equilibrium point (@),d) and regard it as a mixed strategy Nash equilibrium
point (¢%,0%), where 0% = {0,1}, 05 = {1,0}. Using (23), the index (12) becomes

1Y) = 3 @)V u(@) + 3 0@ vr(@) =5. (26)
k=0 k=0

Finally, consider the mixed strategy Nash equilibrium point(c*,c*), where o* = {1/3,2/3}. Using
(21) and (24), the index (12) becomes

k=0 k=0

+ 5 % : < up (@) ur(@) + ) Uk(@)/vk(@)>

2 -
+33 (Z u (@) ur(@) + Y Uk(@)'”k(@)))

k=0 k=0

9 9 (! , = /

+3°3 < up (@) ur(@)+ Dy vi(@) "’k(®)>

k=0 k=0

:%,M%.5+§.5+%.(4T72):1—96T+2. (27)

From the characteristics of actions ) and @), it can be seen that the protocol consisting of (17) and (18)
is optimal. Hence, the index values in (25) to (27) are optimal and DICs of the three Nash equilibrium
points, respectively.

It can also be seen that the above method to calculate DIC is essentially a brute-force method and
only applicable to the specific case. For the DIC of the general decision-implementation system (2) of
cooperative games, we will carry out a quantitative analysis in Section 4.
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3 Matrix representation of DIC

Our main method is to describe the original problems (3) and (4) in matrix form and get an analytical
expression of DIC based on the properties of matrix singular values.

Let the admissible control set £ be a closed subspace of L2[0,T], and £ ® L represent the tensor
product Hilbert space. At time T, the output mapping z = ¢(x) of the system (2) can be regarded as a
functional from £ ® L to the Real line, denoted by ®. In the rest of this paper, we assume that ® is a
bounded bilinear functional. The constraint (3) becomes

D(u(i), v(j)) = Hij- (28)
Let {&1,&2, ... } and {n1,n2, ...} be orthonormal bases (possibly the same) of L. Let L be the dimension
of £, which could be infinity. If u = ZZ—LZI ri&,v = Zle 7, then, by the bounded bilinearity of ®(-,-),
we have
L L L
(I)(U,U) = Z’I‘i&,zsj‘nj = Z Tiqu)(fi,nj). (29)
i=1 j=1 i,j=1

Hence, ® has a matrix representation

®(&,m) - (61,m1)
¢ = : : - (30)

O(&r,m) - P&, nL)

The matrix of (u(1),...,u(m))" under the standard orthonormal base {&,&2,...} is denoted by U,
namely

v=| : -~ | (31)

where u(i) = Zle r(i);&;,4 = 1,...,m. Similarly, the matrix of (v(1),...,v(n))" under the standard
orthonormal base {n1, 72, ...} is denoted by V; then, the constraint (28) can be written in matrix form

UdV' = H. (32)
Accordingly, the optimization index (4) can be written as
I(U,V) =tr(PUU'P) + tr(QVV'Q), (33)

where P = diag{\/p1,...,/DPm}, Q = diag{\/q1, ..., \/In}-

We now show that the feasible region of the above optimization problem is not empty.
Lemma 1. There exist control protocols, which can realize the target matrix H (i.e., H is realizable),
if and only if the rank of matrix representation ® is not less than that of H.

Remark 7. Similar to [31], the discussion in this paper is based on the controllability and stability of
the system, and the assumption that the control objective (game goal) is realizable; that is, the feasible
region of the condition optimization problem is not empty. Lemma 1 shows that this assumption can
be satisfied. In fact, most actual systems are able to guarantee that control objectives are realizable,
see [32,33].

The conclusion of the above lemma can hold by the matrices’ properties; interested readers can refer
to the proof in [31].

The following is the definition of the regular matrix representation.
Definition 3. The matrix representation ® is regular, if its rank is s and its [-dimensional leading
principal minor is non-zero for [ < s.
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Definition 4. The matrix representation ® is strongly regular, if it is finite dimensional and regular or
if it is in diagonal form such that the diagonal elements satisfy the ordering

Vi, P52 P14 > 0. (34)

The following is the definition of the Generalized Optimization Problem.

Definition 5. Let H be the m x n target matrix, ®; be the matrix corresponding to the I-dimensional
leading principal minor of ® with [ > max(m,n), and z, y be the arbitrary positive integers (not depending
on H). The Generalized Optimization Problem is defined by

1 1
IUu,v) = Etr(UU’) + ;tr(VV’), (35)
subject to the constraint
Ud V' =H, (36)

denoted by (H, ®;;x,y).

Finally, the singular values of the infinite dimensional matrix representation ® are defined as follows:
arrange the matrix’s singular values in descending order o1 > 09 > --- > 03 > - - -, and ®; is the matrix
corresponding to the [-dimensional leading principal minor of ®. Then, from [31], for any given i, o; (®;)
increases monotonically with [, and o;(®;) < ||®|| < oo, Vi,l. Hence, we can define

O'Z((I)) = lgr& O'i(él) < 00. (37)

4 Quantitative analysis of DIC

Using the method of matrix representation, we can obtain the following DIC characterization.

Theorem 1. Consider the bounded bilinear output mapping ® of the system (2), with a regular matrix
representation ® with rank s. Let H be an m x n target matrix such that s > max(m,n). The infimum
control cost (DIC) of control protocols, which realize H, is given by

min (m,n)

A . or(PHQ)
Co(H) = Iu =2 _ 38
<I>( ) L{I,r\ilél[l ( aV) ; Uk(@) ’ ( )
where 01 > 09 > -+ > 0} > --- are the matrices’ singular values. Furthermore, if the matrix represen-

tation is strongly regular, there exists a control protocol which achieves this DIC.
Remark 8. The result of Theorem 1 heuristically extends the result of [31]. They are distinguished for
that Eq. (38) does not depend on the dimension of H; that is, m, n are allowed to tend to infinity, which
deals just with the index case (5) in Remark 4.

In order to prove the theorem, we need the following lemma.
Lemma 2. Consider an invertible matrix ®; and an [ x [ target matrix H with rank r. The minimum
control cost for the Generalized Optimization Problem (H,®;;z,y) is achievable and is given by the

formula ,
A 2 Ok (H)
Cs,(H)= — . 39
q’l( ) /—xy; O'k(él) ( )
The proof of the above lemma can be referred to in [31]. The proof of Theorem 1 is given below.
Proof.  Rewrite the original problem (32) and (33) as follows:
I(U,V) = tr(PUU'P) + tr(QVV'Q), (40)

subject to the constraint
PU®V'Q = PHQ. (41)
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Denote U = PU, V= QV, H= PHQ), and the original problem can be written as

IU,V) = tr (ﬁﬁ’) +tr (1717’) , (42)

subject to the constraint L -
UV’ = H, (43)
where U = {Vpru(1),..., Pmu(m)},V = {Vav(1),...,/aav(n)}. Egs. (42) and (43) constitute a

Generalized Optimization Problem (H,®;1,1).

Consider the Generalized Optimization Problem (ﬁ ,®5;1,1), and Lemma 2 shows that the theorem
holds when @ is finite dimensional. Hence, we assume that ® is infinite dimensional.

Let U* = {vpru*(1), ..., /Dmu*(m )} Vr = {Vav* (1) gnv*(n)} be an optimal solution to the

Generalized Optimization Problem (H ®:1,1), with correspondlng matrices U* % respectively, satis-

fying
piu”( ZT i Vv ZS i)41;- (44)
=1

j=1
Define an approximating solution

l

!
piu”( Z D&, Vil ="y s(i);n;, (45)

j=1
with corresponding matrices
r(y - () s(D1 -+ s(1);
U= + ot |, V=] ¢ o] (46)
r(m)y - r(m) s(n)r -+ s(n)

Then, the relationship between the control energy of the optimal solution to the Generalized Opti-
mization Problem (H, ®;1,1) and that of the approximating solution is as follows:

U, V*) = U U + VvV = Jim (trﬁ*|ll~]*|§ +tﬂ7*|l‘7*|;> = lim U, V). (4
—00 —»00
Define the approximate target matrix
H| = [Hijli] = U 1@, V"), (48)

where ®; is the [-th principal minor of ®. ® is bounded, therefore, it is continuous, then

Hij = ®(/piu* (i), yg;v* (7)) = Jim @(y/piu” (0, v/a;v” (7)) =llggoﬁij|z7 (49)
or in a matrix form
H = Jim H|,. (50)
— 00

Since the singular value function is continuous in the space of matrices, we have
O’k(H): lim O’k(H|l), k:].,,m (51)
l—o0

For VI > max(m,n), define the { x [ matrix

— H 0,11 (1
H|l:< L mx(1=n) ) (52)

O—m)xn O@—m)x(-n)

It can be seen that H |; and H |; have the same singular values in the corresponding order, the minimum
control costs for the Generalized Optimization Problem (H|;, ®;;1,1) and the Generalized Optimization
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Problem (ﬁ 1, @51, 1) are the same. By combining with (47), and considering that ® is regular, by

Lemma 2 we can obtain

Co(H) = I(U", V") = lim IU|1,V*|1) > lim Co, (H|;) = lim Co, (H])

T o (ﬁh) min (m,n) O'k(ﬁh) min (m,n) O'k(ﬁ)
— 1 D) = I 2 - 7 =9 . 53
Pt A o (@) o ; o0 (D)) ; (D) (53)

If ® is strongly regular, then, oy (®;) = o1 (®), Vk,[. Hence, the solution to the Generalized Optimiza-
tion Problem (ﬁh, ®;;1,1) achieves the lower bound in (53).

This completes the proof of Theorem 1.

The analysis in [31] shows that the control energy cost (DIC) can be substantially reduced by using
protocols which allow communication between the players. For the extreme scenario where the players
have complete prior information of each other’s actions, the original optimization problem

IUY) =YY pa </0 u2(i,j)dt+/0 v2(i,j)dt> (54)

i=1 j=1
can be reduced to solving a family of single output target (each element of the target matrix H) opti-
mization problems

T T
Ii,j(u,V):/O u2(z‘,j)dt+A v (i, 7)dt. (55)

We can obtain the following optimal index value of each single output target optimization problem by

solving HJB equations
2

0_1(@)| J|

Hence, the optimal index value (DIC) of the whole optimization problem is

(56)

m n
T(H) = 57 gy i | (57)

a1(®) i=1 j=1
However, due to the competition of games themselves, the direct communication between players in
the game is not realistic. Generally speaking, DIC is larger than (57); that is, the DIC of the extreme
scenario is not achievable. In practice, although one player do not have prior information of the other
player’s action, they can communicate partial information on their actions to each other without disclosing
complete information on their respective actions, by a certain protocol, so that DIC is reduced when the
goal of the cooperative game is achieved. In the next section, we will use relevant results in [31] to discuss

this two-phase protocol.

5 Two-phase protocol

We consider a special two-phase protocol, in one phase of which it is assumed that there is a negligible
cost of transmitting partial information on the actions between the players. This can be realized by
the e-signaling capability in [31]. The main result here is that if the energy cost of transmitting partial
information on the actions is negligible, the control cost (DIC) can be made arbitrarily close to the lower
bound o S

~ min ; /pPiq;

T(H) = == RS TS i i (58)

i=1 j=1
The protocol consists of two phases. In the first phase, the players communicate partial information on

their actions to each other at negligible energy cost. Based on the information received, the original target
matrix H is decomposed into K sub-matrices H1, ..., Hg, and then, the players select the sub-matrix
corresponding to their actions. In the second phase, apply the protocol in the previous sections to realize
the selected sub-matrix; then, achieve the control objective.
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Remark 9. The decomposition here is actually a partition; that is, the elements of different sub-matrices
differ from each other and each element of the original matrix H must belong to some sub-matrix.
Remark 10. Just as in the previous section, the game requires that the players do not have to completely
communicate their actions to each other.

Remark 11. The advantage of this two-phase protocol is the reduction of the control energy cost (DIC);
however, there are also obvious deficiencies: the amount of communication data increases, DIC increases
in another sense, and the security of the players’ actions is also reduced. Hence, in practice, this protocol
is applicable only when the focus is on saving energy during decision-implementation.

The sub-matrix Hy(k =1,..., K) is an my X nj matrix with its (¢, j) entry defined by
Hk(ivj) = Hti,lmsj,k’ (59)

where t; , € My, is a subset of {1,...,m}, ¢, € Ny is a subset of {1,...,n}, and |[My| = my, [Ni| = ng.

The above sub-matrix partition can be regarded as a decomposition of the original problem (3) and (4)
into K simpler sub-problems. Then, the optimal index value (DIC) of the original problem is the weighted
average over the optimal index values of the decomposed subproblems; namely

K my N

A= DO ptiits,, | ColHy), (60)

k=1 \i=1 j=1

the weight

mrg Nk

Zzpti,kqu,k (61)

i=1 j=1
is the total probability of strategy combinations in the sub-matrix Hy.
The following result shows that the lower bound for A is (58).
Theorem 2. Under the conditions of Theorem 1, the optimal index value (DIC) A of the original prob-
lems (3) and (4), for applying the above two-phase protocol with the sub-matrix partition H, ..., Hg
of the target matrix H, satisfies

A>T EL S S g (62)
i=1 j=1
Remark 12. Different from the result in [31], the lower bound here is not (57) (smaller than (57) in
general cases). Intuitively, Eq. (57) can be regarded as the DIC of the protocol directly communicating
the complete prior information of each player’s actions to each other, which is the optimal index value of
the optimization problem with fewer constraints than the original problem. Hence, Eq. (57) should be
the lower bound in Theorem 2. The control cost A can be close to this lower bound so that the objective
of reducing DIC is achieved.
Proof.  Denote
ly = min{my,nx}, k=1,...,K, (63)

N Mk mr N
P, = diag Pt; x Zj:l sj i Qy = diag qt; 1, Zi:l Psi (64)
m ng ? mi n ?
Zi:kl Zjil Pti ks; 1 i:kl 2321 Pt 1 s 1

Nk

mi

P, = diag

n
pti,k Z QSj,k ) Qk = dlag
7j=1

i=1

mp
qtj,k E psi,k
i=1

j=1
By the properties of eigenvalues and the matrix trace
Iy

> o} (PLHQx) = tr(PH Q) (PLHLQy)
=1
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myg Nk mp
=3 > | rr. quj o | HiGg) (qu,k Zpti,k> : (66)
i=1

i=1 j=1
Let x1,...,x, be arbitrary real numbers. Then

S (5 o

Along with (66) and Theorem 1, this gives

mE Nk

AE:EEM&k o ()
: k2 J
K my Mg I PH
=23 (D2 psas. | D0 %
k=1 \i=1 j=1 1
2 K mg Nk
> o1 (P) ; ;;pttkqéyk Zal P.H; Q)
o K L
B o1 (P) ; ; o1(PyHi.Qx)

\V,

Q

E [N}

T[]

N
S
~hno
]
=
Q)
K

N—

1
mp Nk M 2
S mzyGw§pm>
i=1j=1 j=1

1
mg Nk 2

2min; ; /Pidy .
SN ST v, HE G )i,

o1(®) k=1 \i=1 j=1

WV

2min; ; /Piq; X ok ok a2
= WZ mank Y > (y/Pronlos o Hi(i, 5)])
k=1 i=1 j=1

K my ng
2m1n” . /ptqj

> N NN ey | Hi (i, )

k=11i=1 j=1
2min; ; /D;
— J p o ZZ VPG| Hijl (68)
i=1 j=1
Theorem 2 is proved.
When p; = %, q;j = %(m =1,...,m,n=1,...,n), the lower bound in the above theorem becomes
H; 69
TPyl (09

11]1

This is precisely as in (57) and the same as the result in [31].

6 Example analysis

In this section, we use the example in Subsection 2.3 to show that the result of using Theorem 1 to
calculate DIC is the same as the result of the exhaust algorithm; however, the calculation is much
simpler.
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For the case discussed in Subsection 2.3, the model of the example in Subsection 2.2 becomes

Th1 = T + UL U + VLU,
yid = il (zn),

i = hy (zx),

we = P(Qu), QUyi1), @),
v = P(Qy), Qyi 1), B),

2k = Iz, >5),

(70)

with DIC index

IUY)=>> pig (i: u (@) ur (@) + z_: 'Uk(@)l'vk(@)> - (71)

i=1 j=1 k=0 k=0

In the calculation performed in Subsection 2.3, by specific control measures uy(«), vi(8), we have
obtained the energy cost for the control measures corresponding to each strategy; thereby, we obtained the
DICs of the three Nash equilibrium points. The DIC of the mixed strategy Nash equilibrium point(c*, c*)
with o* = {1/3,2/3} was calculated as LT + 2.

In the following, we will use Theorem 1 to calculate the DIC of the mixed strategy Nash equilibrium
point (o*,0*) in Subsection 2.3 and show that this calculation is simpler than the calculation performed
in Subsection 2.3. Then, we will analyze the result.

Take an orthonormal base of the admissible control set {&1, &2, ..., a7}, satisfying

0,1, k=(i—1)/2, iis odd,
&={e=), & ={,0), k=i/2—1,iiseven, i=1,...,2T (72)
(0,0), others,

By simple analysis and calculation

2T -1

L 8T +9
3 11 1
P=Q-= ., H= . P = . (73)
2 2T — 1

1
2T — 1/ aorxor

From the analysis in Remark 6, T" > 2; namely, T' > 3. Hence, by Theorem 1, DIC is

min (m,n)

Co(H) =2 o(PHQ) _, 1 16, 74
<I>( ) 1;1 Uk(q)) ﬁ 9 + ( )

This result is the same as the result obtained in Subsection 2.3. Moreover, since we only need to
calculate ®, the calculation of DIC is much simpler than the calculation performed in Subsection 2.3.
This is also an advantage of Theorem 1. The calculations for the DICs of the other two Nash equilibrium
points are similar.

It can be seen that the DICs of the three Nash equilibrium points differ significantly. Since T' > 3,
the DIC of the mixed strategy Nash equilibrium point (¢*,0*) is no less than 2,?2; therefore, the DICs of
the Nash equilibrium points ((D,®) and (@,d) are smaller than that of (¢*,0*). In this example, the
CDMs of the three Nash equilibrium points are the same (the time complexities of the algorithms are the
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same). Hence, from Definition 1, the DCs of the Nash equilibrium points (D,®) and (@,D) are much
smaller than that of the mixed strategy Nash equilibrium point (0*, c*); therefore, the two pure strategy
Nash equilibrium points should be preferred. However, it is interesting that the mixed strategy Nash
equilibrium (o*,0*) is an evolutionary stable strategy [34]; therefore, it has more theoretical advantages
than the other two pure strategy Nash equilibrium points. This implies that it is relatively new and more
practically meaningful in choosing the DC as the criterion for selecting optimal strategies.

7 Concluding remarks

In this paper, we studied the DIC of cooperative games from an energy perspective. The definition of DC
was proposed, the decision-implementation system model of cooperative games and an energy-based index
were established, a definition of DIC was presented, and an analytical expression of DIC was obtained.
Moreover, a two-phase protocol was designed to reduce DIC, with partial information on the actions
shared.

The explicit relationships between practically meaningful DIC indicators (such as the amount of com-
munication data, time complexity, and decision information security) and control protocols, and the
optimization problems still require further study. For the main result (38), the specific algorithm to
calculate the DICs of real systems needs to be designed further. At the same time, by adding con-
trollability and stability of systems, the complexity of the issue will increase. Moreover, in this paper,
only cooperative games with two players and Nash equilibriums were discussed. The cases of multiple
players (possibly related to topology problems), other different equilibriums, non-cooperative games, and
dynamic decision processes, require further study. Furthermore, the topic of this paper can be extended
to applications of game theory in wireless communications [35, 36].
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